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ON THE PROBLEM OF REINFORCEMENT OF THE HOLE OUTLINE IN
A PLATE BY A MOMENTLESS ELASTIC ROD”

L. M. KURSHIN and G. I. RASTORGUEV

The shape of the hole outline in a plate and the law of stiffness variation of a rein-
forcing momentless rod are sought from the condition of the minimum total elastic strain
energy of the plate and the reinforcement. The area enclosed by the outline of the cutout,
and the magnitude of the volume of the reinforcing element are considered given. The bound-
ary conditions of the problem are obtained by varying the functional related to the elastic
strain energy in domains with moving boundaries. The solution is constructed in the form of
an expansion in-terms of a small parameter, for which the parameter of nonsymmetry of the
locad is taken. The solution obtained in this manner differs substantially from the solution
obtained in /1/.

The problem of logical reinforcement of a hole outline in a plane state of stress has
been investigated by many authors. The bending stiffness of the reinforcing element concent-~
rated at the hole cutline can be neglected and considered a momentless rod. Certain estimates
of the error hence induced are presented in /1— 4/, for instance. Reinforcement of an out-
line of given shape {(circle, ellipse) by an elastic momentless rod has been investigated in
/4—11/. It is shown that a decrease in the stress concentration in the plate can be achieved
because of the appropriately selected variable of the section area of the reinforcing rod.
Not only the law of variation of the rod section area is sought in the problem of equivalent
reinforcement /1/, but alsc the shape of the cutout for which the same state of stress is
conserved outside the reinforcement as exists for a plate without a hole. The solution of
this problem exists in a limited band of load relationships, and the volume occupied by the
reinforcement exceeds the part removed for the formation of the cutout by several times,as a
rule,

1. Formulation of the problem. The plane state of stress of a thin plate with a
hole (Fig.l) is considered. At a sufficient distance from the cutout the stresses are

Oy =p, O,=14¢, Tgy =20 (1.1)

The hole outline L is reinforced by a momentless elastic rod with variable stiffness
under tension G (s). The plate elastic modulus, Poisson's ratio, and thickness are denoted
by E,v, k. The shape of the outline L and the law of variation of the rod stiffness G (s)
are sought from the condition of minimum total elastic strain energy of the plate and the re-
inforcing rod for given area D, domain @' bounded by the outline L, and magnitude of the
integral H

{§ dzdy =D, §G(s)ds=H (1.2)
)

For a constant elastic modulus of the reinforcement material the last condition means
that the volume (or weight} of the reinforcing element is given.

For an unbounded plate we understand the strain energy to be the strain energy of the
part of the plate (the domain ) included between the hole outline L and some sufficiently
remote fixed closed outline L; outside which the undisturbed state of stress has the form
(1.1).

Let us examine the functional

= ‘g‘ SS [”’x2 -+ vu2 + zvuxvu + T (uv -+ vx)zl dzdy + ';- S (— u*y, + 1)5*1'.,.)2 G(s)ds—h S {pzu + qynv) ds (1.3)
Q L Lo
K=Eh/(1—%), u={1—w)/2

Here u,v are displacement vector components of points of the plate in the Cartesian coordin-
ate system 20y, the asterisks denote the appropriate guantities referred to the reinforcement;
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On the problem of reinforcement of the hole in a plate 639

the direction of traversal in the contour integrals is counter-clockwise, § is the arc co-
ordinate measured along the outline from a certain initial point, the subscripts denote dif-
ferentiation with respect to the appropriate variable z, = cos{(n, z), ¥, = c0s (n, y) are direc-
tion cosines of the normal =n.

The first two components in the right side of (1.3) are the strain energies of the plate
and the reinforcement while the last nonvariable component is the work of the external forces.
The necessary conditions for stationarity of the Lagrange functional J for a fixed outline L
and nonvariable stiffness G (S)are the equilibrium differential equations in the domain and
the static boundary conditions.

The problem to determine the shape of the hole outline L in the plate and the law of stiff-
ness variations G (s) of the reinforcing rod can be formulated as a variational problem on
the stationary value of the functional (1.3) in domains with moving boundaries under the ad-
ditional conditions (1.2). To solve the isoperimetric variational problem, we form the func-
tional

U=J+Ms;§dzdy+h§G(8)ds (1.4)

where Ay, A, are constant Lagrange multipliers. For the first variation of the functional
(1.4) for a mobile outline L and variable stiffness G (s) , we obtain

8U=—K SS (e + Valtyy + VoViy) 81 + Uy -+ Y10z + Yolbg) S05) dzdy — K Y (T1(s)bus + Ta(s)bvalds —  (1.5)
Q L

§§ [? 2,2+ 292, 4 1 (4 + 0 dnds + K § T1(0) 80 + Ta@) 8wl ds + { {[ 522 0)+ 1] 86: +

Ly L
a1 (5) (Yndug® — Z,805%) -+ —:— a1 (5) (ZpBue* + ybvs*) + [xl + % MaG (5) — z’—p as (s) — B’ (s)] an} ds—
h § (pz.0u -+ gy.dv)ds

Su; = Su — w8z — u oy, Svy = 6v — v,6z = v,by

Bug* — Su* — u*ot, Sv* = Bu* — v, *8t, 8G, = 6G — G,bt
Ty (s) = (ux + v0) Tn + vy () + ) Yn

T, () = (Uy + VUx) Yn + V1 (Uy + v2) 20

ai(s) = £ (s) G(s), ax{s) = €*(s) G (s)

B(s) = (us*zn +v*Yn) a1 (), o= (1 +v)/2

Here Ou, 8v, Su*, 8v*, 6G are the total variations of the appropriate quantities, 6z, 6y are

variations of coordinates of points of the outline referred to the 0y coordinate system,

8n, 8t are variations of points of the outline in a coordinate system associated with the

normal n and the tangent ¢ to the requiredoutline L, p is the radius of curavture of the
outline, and & (s) = —u*y, -+ v,*x, is the strain of the reinforcing rod.

Let us examine obtaining the variation (1.5) in greater detail. Variation of double in-
tegrals with variable domain of integration was examined in a numer of papers ( see the approp-
riate references in /12/, for instance). Let us clarify the evaluation of the variations of
the contour integrals in (l1.4) with variable outline L:

1
Jy= S Cls)ds, Jy=— S G (s) (— u*y, + v, ) ds
L L

A method is described in /13/ to obtain variations of a miltiple integral with moving
boundaries for which the independent variables are considered as functions of other auxiliary
nonvariable variables with fixed range of variation. Extending the same method to the calcula-
tion of the variations of the contour integrals J;, J,, we assume the arclength coordinate s
and all the gantities in the integrand are functions of a certain nonvariable parameter [

1 up*ry + v ¥y 2
s=s@)y dr= g L= Jol@ by, =g Yol \a)l( _irf+ yas E)
L* >
where L* is a certain fixed outline. We consequently arrive at the usual problem of calculat-
ing the contour integrals with a fixed contour. For 3J, we have
zpdzp + vy, d¢  zdz+ by
8T, = S[ag (e + yaz)‘/z_i_ ¢ #__ﬁ.] dg — S 3 3

Ve — 5
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Returning to the initial variable s and taking account of the equalities

8n = zadz + ynby, Si=2zdr 4 ysdy, Ta =y yn= —z,
and the notation in (1,5}, we obtain

8Jy =§ (602 —{-%Gn)ds

We perform analogous actions in evaluating &

1 g™z +vgtv) o (ug®zy +vgtve)®
=3 |0 7 g - E (rBug® - yyog® + u*dry oty — 30—t B (4 oun) | d
e L.[ (e + )" Gyt a0 Tt T o Rt |

Integrating by parts, going over to the variable s and taking into account that

bx == 282 + ygdn, By = ybt — zbn , 3y = —ylp, yss = TP
we find

b 1
8y § {—Z— 280Gy + oy’ () {y, du® — z, Su,*) -+ o (s} (x Dua® + ¥, 002%) — [—215 @ (s} + B (s)] 6n} ds

where the notation agrees with that taken in (1.5).

Equilibrium differential equations in the domain () and static conditions on a sufficient-
ly remote contour L, for the plate correspond to the stationarity condition of the functional
(1.4). Taking account of the continuity of the displacements u == u*, v = v* on the boundary

L , we obtain equailibrium equations for a rod element interacting with the adjacent plate

— ko, ay{s)fp =0, Rty b [=2% sy =20 (1.6)

because of the arbitrariness of the variations 8u, 6v (Su*, 6v*).
Here 0,, T, are the normal and tangential components of the stress vector acting on an
area with normal n. Because of the variation of the reinforcement stiffness G (s), we have a

condition on L
o8¥s) + 2y = 0 1.7
from which the constancy of the strain (equal intensity) of the reinforcing rod follows
£ (3) = "‘us*yn + vs‘xn = C), (Cl = const} {1.8)

We find the condition on the hole outline

KTy (8) up + Ty (8) v — Yo [u® + 0,2 + 2vuaw, + Valy 4 )2} — p7l0 () — P(&) + A, =0 (1.9)

because of the arbitrariness of the variation &n. The relationship (1.7) is taken into
account here.

We go over to the stresses o, 6, T;, in (1.9), where o¢; is the normal component of the
stress vector acting on an area with normal ¢ coincident with the tangent direction to the out-
line. To do this we use (1.6), the notation (1.5), the plate equilibrium differential equa-
tions, the continuity conditions for the displacements on L, the generalized Hooke's law,and
the Cauchy eleasticity relationships. In differentiating the directional cosines z,, ¥Yn we

take into account that
Tns == ~=Yn | P> Yns = Tn ! P Tnn = Ynn = 0

i.e., that in c¢ontrast to the derivatives with respect to the arclength coordinate §, the
derivatives with respect to the normal along the contour are zero Just as along any other
straight line. Consequently, condition (1.9) on L takes the form

~My (@0 + 00+ (1 + ) (T® ~ 0.0) + 2 (1 + ) 0,2 +04p [(2 + v) 00, / On + 80,/ 8n] = C,(C, = const) (1.10)

As in /1/, we obtain the additional conditions (1.8) and {1.10) on I as natural conditions
of the variational problem on the stationary value of the functional U for a movable contour
L and a variatible stiffness G {s) in addition to the usual equations and boundary conditions
for the problem under consideration. These conditions permit determination of the law of stif-
fness under the tension @G (s) of the reinforcement and the shape of the contour L.

Remark 1. If the problem of determining the shape of an unreinforced hole in a plate
is examined under the same loading conditions (1.1) from the condition of minimum elastic
strain energy for a given area of a hole enclosed by a contour, the condition of constancy of
the stress intensity is obtained as an additional condition on the contour. This result can
be obtained from the stationarity condition in the domain Q with moving boundary L for the
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functional (1.4) in which the components associated with reinforcement must be omitted. The
same condition was obtained in /14/, where the minimum of the maximum value of stress intens-
ity in the region occupied by the plate with attached boundaries was taken as the criterion
for the optimum hole shape. It is shown in /15/ that an equal-stressed hole outline is optimal
from the viewpoint of stress minimization in a plate. The problem of determining the shape of
an equally strong outline of an unreinforced hole in a plate stretched in two directions is
solved in /16/.

Remark 2. The integral criterion to determine the reinforcement of a hole in another
shape was proposed for a shell in /17/, and in application to the reinforcement of a circular
hole in a plate in /18/. The stiffness characteristics of the reinforcing rod, which are
constant along a hole outline of given shape, were sought from the condition of minimum energy
of the additional state of stress (due to the presence of the reinforced hole) of the shell
(plate).

2., Transformation of the equations by using a complex representation of
the stresses and displacements. Solution for the case of equilaterial tension
on a plate. Let the exterior of a unit circle [{|>1 in the [ plane be mapped onto the
exterior of the desired contour L in the plane z =2z -+ iy by means of the function

%:m(§)=2bkgl-2k(bo=1) (2.1)
k=0

where B is a real quantity defining the scale, and b, are unknown real coefficients. Let the
complex variable { on the unit circle henceforth be denoted by 7t = exp (i0),0 <9 < 2mn.

Let @ (}), ¥ ({) be the Kolosov-Muskhelishvili functions in the transformed domain || >
1 that describe the plane state of stress in the plate. In conformity with /19/, and taking
account of symmetry, these functions have the form

OG=T+ DRI ¥O=I"+ 3 o (2.2)
k=1 k=1

Here R;, Qy are certain real coefficients, the constants I, I’ are determined from the con-
ditions at infinity (1.1)

F=(p+@/4 I'=—(p—g)/2 (2.3)

We seek the unknown function G (s) (the stiffness of the reinforcing rod under tension)
in the form of a Fourier series expansion

¢ o
= Y Frcos(2h0) (Fo=1) (2.4)
k=p
where F, are unknown coefficients. Henceforth, we use a function of the complex variable T
( a point of the unit circle)

g)= 3 Fre?t (Fo=1) (2.5)

in place of (2.4), such that G/ A = Reg (7).
Using the functions (2.1}~ (2.3} and (2.5) introduced, the boundary conditions (1.6),
(1.8), (1.10) are converted, respectively, to the form

— 41+ Re® () + 1 [(1 4 9) + AN| o' () Re g ()] = 0 (2.6)
Im [P (1) + Autg’ (D] & (V)] =0
Rel2(1 =)D (1) — (1 +v)P (1)) —u=0 (u= const)
— {1+ V)T @MRe D (1) + p 8B —v) (1 + vy Re® (1) —
M1} — Re [P* (] 4+ 4 (1 —v) (T ~v) (1 + v)2 [Re @ (1)]* —
C =0 (C = const)

Here

N =o' (1) [P+ Re [to" (v) & ()] (2.7

PM=—To@d () +o @Y @®/e (1
M=N'Re{—(5+vV(1+¥W" 1|0 @)D (x) +

T [0 (1) (@7 (1) @' (1) — D' (1) 0" (1) + (0’ (1)* ¥ (W)}
p=2Ee/(p+4q), A=A/(ErB)
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Four functional equations (2.6) have been obtained to determine the functions

OW=1p+ Y R, ¥ (@=—V+ Y 0 o= o, =3 At (Go=Fo=1) (2.6)

k=1 k=1

where @ (1), ¥ (1) are the boundary values of the appropriate dimensionless functions D (D),
¥ ({) obtained from (2.2) and (2.3) by dividing them by (p 4 ¢) /2. The coefficients Ry, Q, by,
Fy in (2.8), the constant (€ in the last condition in (2.6), and the parameter pu related to
the strain e of the reinforcement by the notation (2.7) are unkown. The relative stiffness
parameters under tension A and the nonsymmetry of the load

V=p—a/kp+9 (2.9)

are considered given.

Let us note that the first, second, and fourth conditions in (2.6) correspond to (1.6),
(1.10) only in taking account of the third condition in (2.6) of the constancy of the strain
of the reinforcing rod.

In the particular case when the stresses in the plate are identical at infinity (p = ¢q),
the solution of the problem under consideration is a circular hole reinforced by a constant-
stiffness elastic rod. For V =0, by =F, =0 (k> 1), we have from the first and second con-
ditions in (2.6)

. . _i=2—w (2.10)
By =0 (k>=1), Q=0 (k=>2), Ql__—_—_——i-i-)»(H-V)
We obtain values of the constants p, C from the third and fourth conditions in (2.6)
2 < {5—3v 1—v
p=1rare C=— (T2 1 =) 30 (2.11)

In the equivalent reinforcement problem /1/, the solution in the equilateral tension case
is a circular hole reinforced by a constant-stiffness elastic rod. However, the value of the
parameter A is defined strictly and equals (1 —v)™*. The parameter A = A /(EhB) is given
in the problem under consideration.

3. Construction of the approximate solution by the small parameter method.
In solving the inverse boundary value problems of elasticity theory when the domain boundary
determined from certain additional conditions in unknown, the small parameter method /20,21/
turns out to be sufficiently effective.

Let the stress (l.l) act in the directions of the 0z, Oy axes in a plate at infinity,
where the load nonsymmetry parameter (2.9) for V is considered small. We seek the coeffic-
ients Ry, Qk, by, Fx in (2.8), and the constants u, C in conditions (2.6) in the form of
expansions in powers of V

o 3

Ry= 3 BOVE - Qp= 3 QRTOVHTN, b= BV, = 3 PRV (r=1,2,3,..) (3.1
j= b j= j=

on o
p= 3 peVH =3 ¢ty
=0 =0
For V=0, i.e., for p =g¢, only coefficients of the zero approximation remain, 0, = 0™,
p=p9, C=_CO, that agree with the coresponding quantities in (2.10), (2.11).

Substituting (2.8), (3.1) into the boundary conditions (2.6}, we obtain a system of equa-
tions, for identical powers of 1, for the quantities of the zero approximation for V9 the
first for V!, the second for V2 , etc. Since the coefficients of the preceding approxima-
tions are calculated, the system of equations to determine the coefficients of the next approx-
imation turns out to be linear.

Coefficients of the zero, first, and second approximations were calculated for the actual
solution. The computation results are presented in Figs.2—7. The Poisson ratio v was taken
equal to 0.3.

Hole contours I are represented in Fig.2 for A =4 /(EkhB) = 0.3 and also the correspond-
ing dimensionless stiffnesses under tension G/ A of the reinforcing rod as a function of the
angle 0. Displayed in Fig.3 are the contours L and stiffnesses G /A of the reinforcement
for V=(p—¢q/(p+ g =02 and different values of A. The distribution of the stress con-
centration factor @ in the plate is shown in Fig.4 along the contour L of the cutout (along the
angle 6) for A = 0.5 (dashed lines), } = 1.0 (solid lines) for a number of values of  the
load parameter V.

The stress concentration factor ¢ is calculated as the ratio of the stress intensity at
a given point to the stress intensity at infinity
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& = 0; [ Ojoy Oy = (02 + 0" — 0.0, + 3uiy®)r, 04 = (P* + ¢* — pg)'/: (3.2)
Dependences of the maximum value of the stress concentration factor a,,, on the cutout

outline in a plate on the relative stiffness parameter A are represented in Fig.5 for values

of V indicated on the curves. The curves have a minimum, where as the load nonsymmetry para-

meter V increases the value of the least possible value of @max grows. Dependences of the

parameter p = 2Ee/(p + g), related to the strain of the reinforcing rod, and of the constant

C in the last condition of (2.6) on A are also presented for V = 0.2. The change in y,C
versus V in the range 0 <V 0.3 is insubstantial.

It is of definite interest to compare the solution obtained to the solution of the problem
of determining the equivalent reinforcement /1/, also selected in the form of a momentless
rod. We take the parameter A equal to (1 —v'= 1.429 (for v =03), and both solution will
agree for v=0.

Hole outlines in the problem of equivalent reinforcement (dashed lines) and the holes
found (solid lines) are displayed in Fig.6 for a number of values of V. Also presented for
comparison are the stiffnesses under tension of the equivalent reinforcement and the reinforce-
ment obtained from the condition of minimum energy of a plate with a reinforcement.

The greatest stiffness for the reinforcement found corresponds to intersections of the
hole outline with the axis of symmetry 0y along the direction of least force action (8 =n /2,

=3n/2), and the least stiffness to the points 6 =0,06==x A qualitatively different picture
is observed for the equivalent reinforcement: the greatest stiffness at the points 6=0,0=n

and the least at the points 6 ==n/2, 6 =3xn/2. The equivalent reinforcement works under higher
stressed conditions. For instance, for =04 the maximal stress in the equivalent reinforce-
ment, referred to the stress intensity in a plate at infinity, holds at the points 0 =mn/2,

8 =3n/2, and equals 0.818. An analogous stress in the found reinforcement, which is constant
over the outline, equals 0.690. But by comparison with the problem of the equivalent rein-
forcement, the greatest value of the stress concentration factor (3.2) in a plate on the cut-
out outline is greater than 1 and equals 1.091.

As computations showed, the hole outlines and the stiffness curves under tension practical-
ly agree for the first and second approximation solutions up to load parameter values V (small
parameter} equal to O.3. However, the second approximation improves the accuracy of satisfy-
ing conditions (2.6) substantially.

Presented in Fig.7 for } = 0.3 1is the change in the quantity ¢ /p as a function of the
angle 0 , where ¢ (0) denotes the left side of the third condition in (2.6). The dashed lines
correspond to the first approximation, and the solid lines to the second.

The authors are grateful to N. V. Banichuk for discussing the results of the research.
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